Abstract. In this paper we study solitons invariant with respect to the flow generated by a complete Killing vector field in a ambient Riemannian manifold. A special case occurs when the ambient manifold is the Riemannian product (R × P, dt 2 + g 0 ) and the Killing field is X = ∂ t . Similarly to what happens in the Euclidean setting, we call them translating solitons. We see that a translating soliton in R × P can be seen as a minimal submanifold for a weighted volume functional. Moreover we show that this kind of solitons appear in a natural way in the context of a monotonicity formula for the mean curvature flow in R×P . When g 0 is rotationally invariant and its sectional curvature is non-positive, we are able to characterize all the rotationally invariant translating solitons. Furthermore, we use these families of new examples as barriers to deduce several non-existence results.
Introduction
The study of solitons of the mean curvature flow is intimately associated to the nature of singularities of this flow. In this paper, we focus on families of solitons invariant with respect to the flow generated by a complete Killing vector field in a ambient Riemannian manifold. Those one parameter families can be seen, up to inner diffeomorphisms, as ancient solutions of the mean curvature flow which evolve by ambient isometries.
A special case occurs when the Riemannian manifold (M n+1 , g) is the Riemannian product (R × P, dt 2 + g 0 ) where (P n , g 0 ) is a Riemannian n-manifold and dt 2 denotes the Euclidean metric of the real line. In this class of manifolds, the flow generated by the coordinate vector field X = ∂ t is parallel and defines a one-parameter flow of isometries we will refer to as vertical translations. Hence, we say that a submanifold M in R × P is a translating soliton of the mean curvature flow if
where c ∈ R is a constant that indicates the velocity of the flow. When M is a hypersurface, the previous equation is equivalent to H = c X, N , where N means the Gauss map of M and we have denoted g(·, ·) = ·, · . Translating solitons have been extensively studied in the particular case P = R n (see for instance [3, 4, 12, 13] ). In the Euclidean setting, if the initial immersion has nonnegative mean curvature, then it is known [7] that any limiting flow of a type-II singularity has convex time slices hypersurfaces M τ . Furthermore, either M τ is a strictly convex translating soliton or (up to rigid motion) M τ = R n−k × Σ k τ , where Σ k τ is a lower k-dimensional strictly convex translating soliton in R k+1 . Similarly to what happens in the Euclidean space, a translating soliton M in R × P can be seen as a minimal surface for the weighted volume functional
where η represents the height Euclidean function, that is, the restriction of the natural coordinate t ∈ R to M . Furthermore, in Subsection 2.2 we shall see that the translating soliton equation appears naturally in the context of a monotonicity formula associated to the mean curvature flow in R × P . The last decade has witnessed the construction of many families of new translating solitons in R 3 using different techniques, see [6, 8, 14, 15, 16, 18] . Clutterbuck, Schnürer and Schulze in [5] (see also [3] ) proved that there exists an entire, rotationally symmetric, strictly convex graphical translator in R n+1 , for n ≥ 2. This example is known as translating paraboloid or bowl soliton. Moreover, they classified all the translating solitons of revolution, giving a one-parameter family of rotationally invariant cylinders C ε , where ε represents the neck-size of the cylinder. The limit of the family C ε , as ε → 0, consists of a double copy of the bowl soliton with a singular point at the origin.
In this paper we proved that a similar family of translating solitons exists when the ambient manifold is a Riemmanian product R×P where the Riemannian metric is rotationally invariant (see Section 3) and has non-positive sectional curvature.
Theorem I. Let P be a n-dimensional complete Riemannian manifold endowed with a rotationally invariant metric g 0 whose sectional curvatures are non-positive. Then there exists a one-parameter family of rotationally symmetric translating solitons M ε , ε ∈ [0, +∞), embedded into the Riemannian productM = R × P . The translating soliton M 0 is an entire graph over P whereas each M ε , ε > 0, is a bi-graph over the exterior of a geodesic ball in P with radius ε.
In the above situation, P is a Cartan-Hadamard n-manifold and it makes sense to speak about the ideal boundary of P , that we will denote as ∂ ∞ P . In this context we can obtain the following result:
Theorem II. Let P be a n-dimensional complete Riemannian manifold endowed with a rotationally invariant metric g 0 whose sectional curvatures are negative. There exists a one-parameter family of translating solitons M ∞ ε , ε ∈ [0, +∞), embedded inM = R × P and foliated by horospheres in parallel hyperplanes P t . The ideal points in each M ∞ ε lie in an asymptotic line of the form R × {x ∞ } with x ∞ ∈ ∂ ∞ P . We would like to point out that, in the particular case when P = H n , these examples were already constructed by E. Kocakusakli, M. A. Lawn and M. Ortega in [10, 11] .
In the Euclidean space, X.-J. Wang [22] characterized the bowl soliton as the only convex translating soliton in R n+1 which is an entire graph. Very recently, J. Spruck and L. Xiao [20] have proved that a translating soliton which is graph over the whole R 2 must be convex. One can think that it could be also the case of any Riemannian manifold R × P when P is endowed with a rotationally invariant metric. However, in this paper we show examples of entire graphs in R × H n which are not hypersurfaces of revolution, see Subsection 3.1. These examples are foliated by submanifolds equidistant to a fixed geodesic in horizontal slices of R × H n . This behaviour mimics the geometry the grim reaper cylinder in R n+1 . For this reason, we call these examples entire grim reaper graphs.
The families of examples given by Theorems I and II can be used as barriers to prove that if P satisfies the hypotheses of the theorems, then there are no complete proper translating solitons in R × P with compact (possibly empty) boundary and contained in a horocylinder of R × P . In particular, we prove that there are no complete "cylindrically bounded" solitons in the same spirit of a similar result about minimal submanifolds by Alías, Bessa and Dajczer [1] .
Translating mean curvature flows
Let (P n , g 0 ) be a complete Riemannian manifold and denote the product R × P n byM n+1 , endowed with the Riemannian product metric. Given a m-dimensional manifold M m with m ≤ n and ω * < 0 < ω * , we consider a differentiable map
, are evolving by their mean curvature vector field if
Ψτ * e i Ψ τ * e i ⊥ is the (non-normalized) mean curvature vector of Ψ τ .
Here and in what follows ⊥ indicates the projection onto the normal bundle; the local tangent frame {e i } m i=1 is orthonormal with respect to the metric induced in M by Ψ τ . The notations ·, · and∇ stand for the Riemannian metric and connection inM , respectively.
Denoting by t the natural coordinate in the factor R inM , the coordinate vector field X = ∂ t is a parallel vector field onM . We set Φ : R ×M →M to denote the flow generated by X, that is, the map given by Φ(s, (t, x)) = (s + t, x), (t, x) ∈M , s ∈ R Definition 1. LetM n+1 be the Riemannian product of R and a Riemannian manifold (P n , g 0 ). Given a m-dimensional Riemannian manifold M m we say that a mean curvature flow Ψ : (ω * , ω * ) × M →M is translating if there exists an isometric immersion ψ : M →M and a reparametrization σ : (ω * , ω * ) → R such that
for all τ ∈ (ω * , ω * ), where Φ : R ×M →M is the flow generated by X.
This condition means that
where the map Ψ :
Example 1. (Translating mean curvature flow of graphs.) Fixed t 0 ∈ R, we may define a mean curvature flow inM by
for any x ∈ P c = {c} × P . Less trivial examples may be given by translating graphs: consider a function u : (ω * , ω
This defines a mean curvature flow if and only if u satisfies the quasilinear parabolic equation
where W = 1 + |∇u| 2 onde ∇ and div are, respectively, the Riemannian connection and divergence in (P, g 0 ). This notion of translating soliton has been extensively studied in Euclidean spaces, see for instance [3, 5, 7, 9, 12, 19, 22] . Our definition is the natural setting to these special flows in Riemannian products R × P .
Next, we present some fundamental consequences of Definition 1 that motivates the notion of translating soliton in Riemannian products. Proposition 1. Let Ψ : (ω * , ω * ) × M →M be a translating mean curvature flow with respect to the parallel vector field X = ∂ t . Then for all τ ∈ (ω * , ω * ) there exists a constant c τ such that
where H is the mean curvature vector of Ψ τ = Ψ(τ, · ) and T ∈ Γ(T M ) is the pull-back by Ψ τ of the tangential component of X. Furthermore,
where II is the second fundamental form of Ψ τ and∇ ⊥ is its normal connection. Moreover,
where g is the metric induced in M by Ψ τ and II −H is its second fundamental form in the direction of −H.
We refer the reader to [2] for the proof of this proposition in the more general case of warped product spaces.
Motivated by the above geometric setting, we define a general notion of translating soliton in Riemannian products as follows.
With a slight abuse of notation, we also say that the submanifold ψ(M ) itself is the translating soliton (with respect to the vector field X). If m = n, that is, for codimension 1, the condition becomes
where the mean curvature H with respect to the normal vector field N along ψ is given by
We observe that equation (11) is enough to deduce the following important consequences that we have considered in Proposition 1 in the context of a geometric flow.
Proposition 2. Let ψ : M m →M n be a translating soliton with respect to X = ∂ t . Then along ψ we have (14) II
where g is the metric induced in M by ψ and II −H is its second fundamental form in the direction of −H. Here the vector field T is defined by ψ * T = X . Furthermore
where II is the second fundamental form of ψ and∇ ⊥ is its normal connection.
Proof. Using (11) by a direct computation we have for any tangent vector fields
Hence,
Now one has 2.1. Variational setting. For the sake of simplicity in this section we restrict ourselves to the case of codimension 1 translating solitons inM n+1 = R × P n . We set η(x) = (π • ψ)(x), x ∈ M, where π : R × P → R is the projection π(t, x) = t and ψ : M n →M n+1 is a given isometric immersion.
We introduce, for a fixed c ∈ R, the weighted volume functional
where dM is the volume element induced in M from ψ and Ω is a relatively compact domain of M . We have the following Proposition 3. Let ψ : M n →M n+1 = R × P be a codimension 1 translating soliton with respect to the parallel vector field X = ∂ t . Then the equation
on the relatively compact domain Ω ⊂ M is the Euler-Lagrange equation of the functional (16) . Moreover, the second variation formula for normal variations is given by
where the stability operator L X is defined by
Proof. Given ε > 0, let Ψ : (−ε, ε) × M →M be a variation of ψ compactly supported in Ω ⊂ M with Ψ(0, · ) = ψ and normal variational vector field
(Ω) and a tangent vector field T ∈ Γ(T M ). Here, N denotes a local unit normal vector field along ψ. Then
Hence, stationary immersions for variations fixing the boundary of Ω are characterized by the scalar soliton equation
which yields (17) . Now we compute the second variation formula. At a stationary immersion we have d
Using the fact that
we compute
and ∇η = X we obtain for normal variations (when T = 0)
This finishes the proof of the proposition.
This proposition motivates the definition of the weighted mean curvature as
Then a mean curvature flow soliton can be considered as a weighted minimal hypersurface.
Remark 2. Notice that L X H = 0.
In the sequel we need the following particular version of Proposition 5.
Theorem 4. Let ψ : M →M = R × P be a translating soliton. Then
Proof. Since∇t = X we have
where ⊥ denotes the projection onto the normal bundle of ψ. Then
This finishes the proof.
2.2.
A monotonicity formula for translating mean curvature flows. The translating soliton equation (11) appears naturally in the context of a monotonicity formula associated to the mean curvature flow inM = R × P .
Proposition 5. The function K • Ψ where
is monotone non-increasing along the mean curvature flow.
Proof. We consider a positive function :
where dM τ is the volume element induced in M by the immersion Ψ τ . Considering the mean curvature flow
However
On the other hand
Hence we have dF
Now we sum the (zero) integral of
Since tr M∇ 2 t = 0 we conclude that
Rerranging terms we get
Supposing that
Hence we set K(τ, t) as
With this choice we conclude that
what implies that F is non-increasing along the mean curvature flow.
Translating soliton equation.
Translating solitons may be locally described in non-parametric terms as graphs of solutions of a quasilinear PDE in divergence form.
Proposition 6. Given a domain Ω ⊂ P and a C 2 function u : Ω → R the graph
is a translating soliton if and only if u satisfies the quasilinear partial differential equation
The induced metric has local components of the form
are the local coefficients of the metric g 0 in terms of local coordinates in P . We fix the orientation of M given by the unit normal vector field
The second fundamental form of M with respect to N has local components
where u i;j are the components of the Hessian of u in P . It follows that the mean curvature H of M is given by
This equation can be written in divergence form as follows
On the other hand the scalar translating soliton equation (with constant c) is
from what follows that the translating soliton PDE is
Therefore we conclude that (36) can be written as
Integrating (31) with respect to the Riemannian measure dP in P we obtain
where dσ is the Riemannian measure in ∂Ω and ν Ω is the outward unit conormal along ∂Ω. We then obtain the following expression that can be regarded as an analog of the flux formula in the case of constant mean curvature graphs:
Equivariant examples of translating solitons
From now on, we suppose that the Riemannian metric g 0 in P has non-positive sectional curvatures and it is rotationally symmetric in the sense that it can be expressed as
where dϑ 2 stands for the metric in S n−1 ⊂ R n and ξ is an even function on R with
Then a radial function u = u(r) is solution of (31) if and only if it satisfies the ODE
where denotes derivatives with respect to the radial coordinate r. Here we have used the fact that
Note that in the case when u = u(r) and Ω = B r (o), the geodesic ball in P centered at o with radius r > 0, we have ∇u = u (r)∂ r and (38) reduces to
with
Taking derivatives with respect to r in both sides we get
Therefore we recover as expected equation (40) from the fact that (41) is a sort of first integral to the second order ODE (40).
Theorem 7. Let P be a n-dimensional complete Riemannian manifold endowed with a rotationally invariant metric g 0 whose sectional curvatures are non-positive. Then there exists a one-parameter family of rotationally symmetric translating solitons M ε , ε ∈ [0, +∞), embedded into the Riemannian productM = R × P . The translating soliton M 0 is an entire graph over P whereas each M ε , ε > 0, is a bi-graph over the exterior of a geodesic ball in P with radius ε.
Proof. A rotationally symmetric hypersurface M inM = R×P can be parameterized in terms of cylindrical coordinates as
where s is the arc-lenght parameter of the profile curve in the orbit space defining M , that is, the intersection of M and a geodesic half-plane Π + of the form ϑ = constant, r ≥ 0. Note that u =ṫṙ wheneverṙ = 0. Moreover if we assume thatṙ ≥ 0 then u W =ṫ ṙ 2 +ṫ 2 Let φ be the angle between the radial coordinate vector field ∂ r and the tangent line to the profile curve. We claim that M is a rotationally symmetric translating soliton if and only if the functions (r, t, φ) satisfy the first-order system (43)
The last equation in the system is deduced as follows
On the other hand since W = 1/ṙ = 1/ cos φ and u /W =ṫ = sin φ we have
The solutions of this system are complete since it can be regarded as the system of equations of geodesic curves in the Riemannian half-plane Π + = {(r, t)} = R + × R endowed with a metricg = λ 2 (r, t)(dr 2 + dt 2 ) conformal to the Euclidean metric with λ(r, t) = e ct ξ n−1 (r).
Indeed for rotationally symmetric hypersurfaces the weighted area functional (16) is given by
On the other hand the lenght functional for the profile curve s → (r(s), t(s)) ∈ Π + computed with respect to the metricg is given by 
Therefore it is enough to prove that whenever a geodesic has a limit when r → 0 + the limit angle is φ → 0. Those curves can be reflected through the line r = 0 and then are the geodesics in the complete plane Π (defined by the reflection of Π + with respect to r = 0) with initial conditions r(0) = 0, t(0) = t 0 , φ(0) = 0 andṙ(0) = 1, t(0) = 0 as limits. The other geodesics are confined in the half-plane Π + . In this case, we have initial conditions of the form r(0) = ε, t(0) = t 0 , φ(0) = ± π 2 witḣ r(0) = 0,ṫ(0) = ±1.
In sum, rotationally symmetric discs, for instance, correspond to fix initial conditions as r(0) = 0, t(0) = t 0 , φ(0) = 0. Besides these graphs, we have for a fixed c a one-parameter family of bi-graphs given by the solution of the system (43) with initial conditions r(0) = ε, t(0) = 0, φ(0) = ±
as r → +∞.
Proof. In what follows we keep using the notations fixed just above. Wheneveṙ r > 0 we have W = 1/ṙ andẆ = 1 cos 2 φ sin φφ.
At a maximum point of W , that is, in a point whereṙ > 0, either sin φ = 0 orφ = 0. Suppose that sin φ = 0 and then cos φ = 1. Since this happens at a maximum point of W we have
what implies thatṙ ≥ 1 and thereforeṙ ≡ 1 wheneverṙ > 0. If it is the case, thenṫ ≡ 0 wheneverṙ > 0. This corresponds to a horizontal plane that is not a translating soliton. The other possibility is thatφ = 0 (and sin φ = 0) at a maximum point of W , say, r = r 0 . In this case
and since ξ > 0 and c > 0ṙ
what contradicts the fact that eitherṙ → 0 at r → ε when the curve does not reach the rotation axis orṙ 1 as r → 0 in the case when the curve reaches the axis. In this case, the only possibility is that r 0 = 0 since ξ (r)/ξ(r) → +∞ as r → 0).
We conclude that W has no interior maximum point in the region whereṙ > 0. On the other hand it is obvious that W has a minimum point (at r = R, say) wherė r = 1. Hence, W is non-decreasing in the region whenṙ > 0 for r > R what implies thatφ
for r ≥ R. Now, proceeding as in [5] we denote u = ϕ and then (40) becomes
We can prove that for every given > 0 and r 0 > R there exists r 1 > r 0 such that
If it is not the case then there exist > 0 and r 0 > R such that what contradicts the fact that the solution is complete and then r → +∞. Moreover we can prove that ζ (r) ≤ F (r, ζ(r)).
for sufficiently large r > R. Indeed we have
if and only if
Denoting by K the radial sectional curvatures in P along geodesics issuing from o and setting g = ξ ξ
it follows from Riccati's equation that
Hence the inequality (45) above becomes
for a sufficiently large r. Here, we have need of the assumption that K ≤ 0. For instance, in the hyperbolic space with constant sectional curvature −K it holds that ξ(r) ξ (r)
Then adjusting r 1 > r 0 to be sufficiently large we conclude from a standard comparison argument for nonlinear ODEs that
for every r > r 0 > R sufficiently large. We conclude that for every given and r 0 > R
for sufficiently large r > r 0 . We set
Note that
It follows from (46) that ψ(r) ≤ 0 for sufficiently large r > r 0 . We claim that lim r→+∞ ψ(r) = 0.
Suppose that given an arbitrary r 1 0 there exists > 0 such that ψ(r * ) ≤ − for some r * > r 1 . Otherwise we are done, that is, we would have ψ(r) → 0 − as r → +∞. We have from (46) that −ψ(r) = |ψ(r)| ≤ c 2(n − 1) ξ(r) ξ (r) for r > r 0 sufficiently large. Since K − ≤ K ≤ K + ≤ 0 the Hessian comparison theorem [17] implies that
when K + < 0 and
when K + = 0. Suppose that K + < 0 (the case K + = 0 can be handled with as in [5] .) Hence
for sufficiently large r * > r 2 > 0 and
It follows that for all r r * we have
Since > 0 is arbitrary this proves our claim that ψ(r) → 0 − as r → +∞. Now we set (48) λ(r) = ξ(r) ξ (r) ψ(r).
We claim that λ(r) → 0 as r → +∞ when K + < 0. Since ψ(r) → 0 − as r → +∞ we have for an arbitrarily fixed > 0 that
for sufficiently large r > 0. Since
.
we have
from what follows that
Suppose that λ(r) ≥ δ for some δ > 0 and r > r 3 where r 3 is sufficiently large. Since by assumption
for some C > 0. We conclude that λ(r) < δ for r > r 3 sufficiently large. Similarly if we assume that λ(r) ≤ −δ for sufficiently large r > 0 we have
for some C > 0. Thus λ(r) > δ for r > r 3 sufficiently large. We conclude that λ(r) → 0 as r → +∞ when K + < 0 as claimed. Hence
+ o ξ (r) ξ(r) as r → +∞ when K + < 0. This finishes the proof Proposition 9. Suppose that K < 0 and ξ (r) ξ(r) ≤ 0. Given a rotationally symmetric translating soliton M ε , ε > 0, we have
where r 0 > 0 is the radius for which M ε attains its minumum height, that is, where
Proof. Using (42) and given a small δ > 0 one obtains from (38) applied to the region Ω = B r 0 (o)\B ε+δ (o) that
In the parametric setting, if r 0 = r(s 0 ) and ε = r(0) we get after passing to the limit as δ → 0 ) what implies that
We also have in the region between r = ε + δ and r = r 0 that
where t (r) = u (r). Therefore from what follows sinceṫ ≤ 0 in that range that
is non-decreasing
We conclude that
Since t(ε) ≥ t(r 0 ) this yields (56) r 0 − ε ≤ π 2 1 c and since r 0 → 0 as ε → 0 we have As we will see in the last section, there are several interesting applications of the examples constyructed in the previous theorem as barriers for the maximum principle application. Perhaps the simplest one is the following: Proposition 10. In the hypotheses of Theorem 7, there are no complete translating solitons in R × P contained in a region of the form {(s, p) ∈ R × P : s ≤ s 0 }, for a given s 0 ∈ R.
Proof. We proceed by contradiction. Assume that there exists such a soliton M in R × P . We consider the bowl soliton M 0 . We set Φ s : R × P → R × P to denote the translation Φ s (t, x) = (s + t, x), R × P, s ∈ R As the translations {Φ s (M 0 ), s ∈ R} foliate the whole manifold R × P , then there exists a first contact between the soliton M and Φ s 1 (M 0 ), for a suitable s 1 ∈ R. Taking into account the hypothesis about M and the asymptotic behaviour of M 0 , the above contact cannot occur at infinity. This means that booth solitons have an interior point of contact and by the maximum principle they must coincide. However, this is impossible the Euclidean coordinate of a bowl soliton is never bounded from above. This contradiction proves the proposition.
3.1. Translating solitons with ideal points. In this section, we assume that K < 0. Let r be the distance to a fixed level of a Busemann function in P , that is, the distance from a fixed horosphere Π ⊂ P with an ideal point o in the asymptotic boundary ∂ ∞ P . Then we consider the following coordinate expression of the metric in
where this time dϑ 2 denotes the Riemannian induced metric in Π. We then consider translating solitons given as graphs of functions of the form u = u(r).
Since in this case ∇u = u (r)∇r and |∇r| = 1 it follows that (37) reduces to (58) u (r) 1 + u 2 (r) + u (r)∆r = c.
In this setting, ∆r is the mean curvature of a horosphere, that is,
We conclude that translating solitons foliated by horospheres are given by solutions of the equation
We then obtain the following analog of Theorem 7
Theorem 11. Let P be a n-dimensional complete Riemannian manifold endowed with a rotationally invariant metric g 0 whose sectional curvatures are negative.
There exists a one-parameter family of translating solitons M ∞ ε , ε ∈ [0, +∞), embedded inM = R × P and foliated by horospheres in parallel hyperplanes P t . The ideal points in each M ∞ ε lie in an asymptotic line of the form R × {x ∞ } with x ∞ ∈ ∂ ∞ P . 
3.2.
Entire grim reaper graphs. Suppose now that the metric in P may be written in the form
for r ∈ R, τ ∈ R and ϑ ∈ S n−2 . This metric is regular if ξ satisfies the conditions
In this setting, the coordinate vector field ∂ τ is Killing and the coordinate lines τ = cte. are geodesics. For n = 2 the coordinate lines r = cte. are equidistant to the geodesic = 0. From now on we suppose that u = u(r). This means that we are searching for special solutions u that depend on only one parameter, mimicking the case of grim reaper cylinders in the Euclidean space. Under this assumption, the translating soliton equation (37) becomes
Expanding the left-hand side one gets
In geometric terms, ∆r is the mean curvature h of the equidistant level sets r = cte. Note that (n −
For instance ifM = R × H 2 with ξ(r) = cosh r we have
We conclude that the ODE for translating solitons foliated by equidistant lines is
For P = H n we have
From (62) it is trivial that u =: ϕ cannot diverge at a point x 0 ∈ P . Indeed, if ϕ → ±∞ as r → r(x 0 ) then ϕ → ∓∞ as r → r(x 0 ), what leads to a contradiction. This fact implies that, given initial values u(r 0 ) = t 0 and u (r 0 ) = ϕ 0 , there exists a unique solution of (62) defined for every r ∈ R. In this way, we have the following existence result
Theorem 12. Let P be a n-dimensional complete Riemannian manifold endowed with a metric g 0 of the form (60) whose sectional curvatures are negative. Suppose that h > 0 and lim r→+∞ h(r) < +∞. Then for each c ∈ R, there exists a translating soliton M ∞ which is an entire graph over P and it is foliated by equidistant lines in parallel hyperplanes P t .
Equivariant families of examples.
In this section, we summarize the existence results obtained above.
Theorem 13. Let M be a translating soliton inM = R × P and G a continuous subgroup of the isometries ofM satisfying g(P ) = P and g(M ) = M , for all g ∈ G . Then we have:
i. If G consists of rotations around a vertical axis, then M is part of either a bowl soliton or a wing-like soliton. ii. If G consists of hyperbolic translations along a fixed geodesic γ in P , then M is an open region of the grim reaper hyperplane.
iii. If G consists of parabolic translations around a point p 0 ∈ ∂ ∞ P , then M is a piece of either an ideal bowl soliton or an ideal translating catenoid.
Proof. Item (i) is a direct consequence of Theorem 7.
4. Translating solitons in R × H n Now we specialize to the case when P = H n .
4.1.
Isometries of H n . Recall that H n can be realized in Lorentzian space L n+1 as the set
Denote e = (1, 0, . . . , 0). The Lorentzian coordinates (x 0 , x 1 , . . . , x n ) can be chosen in such a way that o = e. Then a point p in the geodesic sphere B r (o) ⊂ H n can be written in Lorentzian coordinates as
where ω is a point of the unit sphere in the Euclidean hyperplane orthogonal to e in L n+1 . We then consider a one-parameter family of hyperbolic translations of the form T −r 0 (p) = (x 0 cosh r 0 − x 1 sinh r 0 , x 1 cosh r 0 − x 0 sinh r 0 , x 2 , . . . , x n ) with p = (x 0 , x 1 , x 2 , . . . , x n ) ∈ H n . In particular
where p 0 = (cosh r 0 , sinh r 0 , 0, . . . , 0). It follows that T −r 0 (B r (o)) is a geodesic sphere in H n centered at T −r 0 (o) = (cosh r 0 , − sinh r 0 , 0, . . . , 0) with radius r. In particular, extending T −r 0 trivially to an isometry in R × H n one has
is a rotationally symmetric translating soliton in H n foliated by geodesic spheres centered at T −r 0 (o). Those geodesic spheres are given by the intersection of H n with timelike hyperplanes in L n+1 of the form
where ·, · denotes the Lorentzian metric. Those hyperplanes are orthogonal to
Note that ν r 0 → ν −∞ = (1, −1, 0, . . . , 0), a lightlike vector field that determines a family of horospheres H a , a ∈ R, given by the intersection between H n and the lightlike hyperplanes x 0 + x 1 = a.
Then we define the hyperbolic isometry of H n that fixes the ideal point represented by the lightlike vector ν −∞ .
we consider the corresponding family of equidistant hypersurfaces given by the intersection of H n with hyperplanes of the form x 1 = a = sinh r, r ∈ R, that is,
Those equidistant hypersufaces E a , a ∈ R, are parameterized by p = (cosh r cosh τ, sinh r ϑ, e 1 , cosh r sinh τ, sinh r(ϑ − ϑ, e 1 e 1 ))
where e 1 = (0, 1, 0, . . . , 0) and ϑ is a point in the unit sphere in the Euclidean (n − 1)-dimensional plane x 0 = x 2 = 0. It follows that the metric in H n is expressed in terms of the coordinates (r, τ, ϑ) as cosh 2 r dτ 2 + dr 2 + sinh 2 r dϑ 2 .
As above, the isometries T converge in the limit as → +∞ to a parabolic isometry fixing the ideal point ν +∞ = (1, 1, 0, . . . , 0) ∈ ∂ ∞ H n . Hence, a translating soliton foliated by equidistant hypersurfaces in parallel hyperplanes P t can be regarded as the limit of the translating solitons foliated by the horospheres given by the intersection of H n with the hyperplanes x 0 − x 1 = a, a ∈ R. In sum,
4.2. Non-existence and uniqueness results. Now, we are going to consider the 1-parameter family of translating solitons given by
Remark 5. Notice that the limit, as r → +∞, of the surfaces
n , for some t 0 ∈ R. On the other hand, as r → −∞, the uniform limit on compact sets of the family T r (M ∞ ε ) consists of two copies of the ideal bowl soliton M ∞ 0 described in Theorem (11) Using the family T , we can prove the following result Theorem 14. There are no complete translating solitons with compact (probably empty) boundary, properly embedded in a solid horocylinder O in R × H n .
Proof. Assume there were such a soliton M such that ∂M is compact and M ⊂ O.
Since there exists t 0 ∈ R such that
we can find r ∈ R such that Theorem 15. Let M be a translating soliton in R × H n diffeomorphic to a cylinder whose ends E − and E + , outside the cylinder over a geodesic ball B R (o) ⊂ H n , are graphs of smooth functions u ± :
uniformly with respect to ϑ ∈ ∂ ∞ H n . Then, M = M ε , for some ε > 0.
Proof. Consider a bowl soliton M 0 in R × H n whose slope at infinity is precisely c n−1 , as described in (44). It follows from (67) that there is a translated copy Φ t 0 (M 0 ) of M 0 given by the graph of a function u 0 such that we have that
for a sufficiently large R > 0 and every x ∈ H n \B R (o). Proposition 8 implies that all the wing-like translating solitons M ε , ε > 0, have the same asymptotic slope. Hence M ∩ Φ t 0 (M ε ) = ∅, for every sufficiently large ε > 0. On the other hand M ε → M 0 as ε → 0. Since Φ t 0 (M 0 ) intersects M we conclude that
Then, M ε 0 is tangent to M . A direct application of the maximum principle implies that M = M ε 0 what contradicts (67).
Reasoning as above, we get the following consequence of the proof of Theorem 15. Notice that now the proof is even simpler since one of the ends has height bounded from above. 
Applications of the maximum principle
The following result is a analog of Theorem 1 in [1] for the case of translating solitons. Then can be understood as a weighted counterpart of a mean curvature estimate.
Theorem 17. Suppose that the radial sectional curvatures of P n along geodesics issuing from a given point o ∈ P satisfy II C (e i , e i ) − cX,∇d + H − cX ⊥ ,∇d .
In the particular case when C = {o} ∈ P (or equivalently, C is a cylinder over a geodesic ball in P centered at o) we have X,∇d = 0 and II C (e i , e i ) = II C (e i − e i , X X − e i ,∇d ∇ d, e i − e i , X X − e i ,∇d ∇ d).
The Hessian comparison theorem implies that II C (e i , e i ) ≤ − ξ (d) ξ(d) e i − e i , X X − e i ,∇d ∇ d, e i − e i , X X − e i ,∇d ∇ d under the assumption that the radial sectional curvatures in P along geodesics issuing from o ∈ P satisfies
Taking traces This is enough to guarantee the validity of the weak maximum principle.
Theorem 18. Let P be a n-dimensional complete Riemannian manifold endowed with a rotationally invariant metric g 0 whose sectional curvatures are negative. There are no complete translating solitons contained in a horocylinder of R × P .
As a corollary we get that there are no complete cylindrically bounded translating solitons.
Corollary 19. Let P be a n-dimensional complete Riemannian manifold endowed with a rotationally invariant metric g 0 whose sectional curvatures are negative. There are no complete translating solitons contained in a cylinder of R × P .
Remark 6. Notice that the proof of Theorem 18 still works if M has compact boundary and the Euclidean coordinate is unbounded on M .
Corollary 20. Let P be a n-dimensional complete Riemannian manifold endowed with a rotationally invariant metric g 0 whose sectional curvatures are negative. There are no complete translating graphs over a domain contained in a horodisc in P .
